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We start with a reparametrization invariant action of a spinless relativistic particle interacting with gravitational and electromagnetic backgrounds,
We select a special gauge g 0i = 0 (then g 00 = g −1 00 > 0, g ik g kj = δ i j ) of the metric and define canonical momenta
The discrete variable ζ = ±1 is important for our consideration,
It follows from (2): sign(ẋ 0 ) = ζ, and there is a constraint Φ 1 = p 0 + qA 0 + ζω = 0. The total Hamiltonian H (1) we construct according to a standard procedure [4] ,
Φ 1 = 0 is a first-class constraint. A possible gauge condition, which fixes only λ, has the form [2] :
We study equations of motion to clarify the meaning of ζ (below for simplicity
the kinetic momentum, we may see that (4) in the gauge (5) read:
. Thus, the classical theory describes both particle and antiparticles with charges ζq. One can prove that for independent variables η = (x k , p k , ζ) equations of motion are canonical with an effective Hamiltonian H ef ḟ
Commutation relations for the operatorsX k ,P k ,ζ, which correspond to the variables x k , p k , ζ, we define according to their Poisson brackets, and we assume the operatorζ to have the eigenvalues ζ = ±1 by analogy with the classical theory. Thus, nonzero commutators
As a state space we select one R, whose elements
The inner product in R is defined as follows:
We seek basic operators in block-diagonal form,ζ = bdiag
, where I and I are 2 × 2 and 4 × 4 unit matrices respectively. A quantum HamiltonianĤ τ , which defines the evolution in τ, is constructing using its classical analog
The operatorÂ 0 = bdiag A 0 | x 0 =τ I, A 0 | x 0 =−τ I is related to the classical quantity A 0 | x 0 =ζτ , andΩ is related to the classical quantity ω| x 0 =ζτ . Indeed,Ω 2 = bdiag MG| x 0 =τ I, GM| x 0 =−τ I corresponds (in classical limit) to square of the classical quantity ω| x 0 =ζτ . Quantum states evolute in time τ in accordance with the Schrödinger equa-
, where the columns Ψ ζ (τ, x), and the functions
from (7) depend now on τ . As before we believe that x 0 = ζτ may be treated as physical time and reformulate the evolution in its terms. At the same time we pass to another representation of state vectors.
The inner product of two states Ψ(x 0 ) and Ψ ′ (x 0 ) in such a representation takes the form
where (Ψ, Ψ ′ ) is given by (8). In this representation the operatorsζ andX k retain their form, whereas the Schrödinger equation changes
In accordance to our interpretationζ is charge sign operator. Let Ψ ζ be states with a definite charge (ζq),ζΨ ζ = ζΨ ζ . It is easily to see that states Ψ +1 with the charge q have
In fact it is Klein-Gordon equation (KGE) for the charge q in first order form. It reproduces exactly the covariant KGE for the scalar field ϕ(x) with the charge q,
States Ψ −1 with charge −q have Ψ = 0. In this case the equation (12) 
solve the eigenvalue problem of the Hamiltonian (12):
On the Fig.1 we show typical spectra (one can keep in mind e.g. external Coulomb field): Let us compare results of the first quantization with one-particle sector of the corresponding QFT. In course of second quantization the the classical field (10) becomes operator
In external backgrounds, which do not create particles from the vacuum, one may define subspaces invariant under the evolution with definite numbers of particles . Let us consider below only such backgrounds which do not depend also on time to simplify the demonstration. A generalization to arbitrary backgrounds, in which the vacuum remains stable, looks similar. One may decompose the operatorΨ(x) in the complete set ψ κ,n , then
Thus, we get two sets of annihilation and creation operators a n , a + n and b n , b + n , one of particles with a charge q and another one of antiparticles with a charge −q. Indeed, the HamiltonianĤ QF T of the QFT, charge operatorQ QF T and particle number operatorN
is a renormalized Hamiltonian. The Hilbert space R QF T of QFT is a Fock one.
In the backgrounds under consideration each subspace R QF T AB of state vectors with the given number of particles A and antiparticles B is invariant under the time evolution. Now we are in position to demonstrate that the one-particle sector of the QFT may be formulated as a consistent relativistic quantum mechanics. We reduce the space R QF T to a subspace of vectors which obey the conditionN|Ψ >= |Ψ >. It is the subspace
We call R 1 one-particle sector of QFT. All state vectors from the one-particle sector have positive norms. The spectrum of the HamiltonianĤ
QF T R
in the space R 1 reproduces exactly one-particle energy spectrum of QFT (it is situated on the areas I and III of the Fig.1.) ,
The dynamics of the one-particle sector may be formulated in a coordinate representation, which is an analog of coordinate representation in nonrelativistic quantum mechanics. Let us consider time-dependent states |Ψ(x 0 ) > from the subspace R 1 . One may describe these states in the coordinate representation by four columns
where Ψ(x) and Ψ c (x) have the form (10). The QFT inner product reduces in this case to the inner product (11). One may find expressions for the basic operators in the coordinate representation in the one-particle sector. In particular, the Hamiltonian, the Schrödinger equation and charge operatorQ QF T are
We meet, in fact, all the quantum mechanical constructions in the case under consideration.
The eigenvalue problem (16) one of the QFT Hamiltonian in the one-particle sector. Reducing R 1 to R 1 ph , we get literal coincidence between both theories. One may think that the reduction of the space R of the quantum mechanics to the space R 1 is necessary only in the first quantization, thus an equivalence between the first and the second quantization is not complete. However, the same procedure is present in the second quantization. Indeed, besides the vectors (16) one could consider hypothetically the following possibilities to form one-particle states:
The states from the group 1) reproduce the usual spectrum of the KGE which is situated on the areas I and II (see Fig.1 ). The states from the group 2) reproduce the spectrum which is situated on the areas IV and II. The states from the group 3) reproduce the spectrum which is situated on the areas IV and III. These states are eliminated from the state space of the quantum field theory.
Thus, we see that the first quantization of classical actions of the relativistic particle leads to relativistic quantum mechanics, which is consistent to the same extent as corresponding quantum field theory in the one-particle sector. Such quantum mechanics describes charged particles of both signs (particles and antiparticles), and reproduces correctly their energy spectra without infinite number of negative energy levels. No negative vector norms need to be used in the corresponding Hilbert space. There is also an important analogy with the second quantization. Both in first and second quantizations we start with actions with a fixed charge and in course of the quantizations we get charge symmetric theories where particles and antiparticles are present on the same foot. It is also important to stress that the first quantization and its comparison with one-particle sector of the quantum field theory provides a very simple solution for the well-known old problem: how to construct a consistent quantum mechanics on the base of a relativistic wave equation? The solution is very simple, instead to try to use the lower branch of the spectrum (area II on Fig.1 ) one has to unite particle and antiparticle in one multiplet on the base of Schrödinger equation (12). Then the area III appears naturally, and areas II and IV have to be eliminated.
